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Abstract—It has been recently demonstrated that arrays of
coupled active antenna oscillating elements can be locked together
by mutual radiation in order to form spatial power combining
and beam steered arrays. In this paper a nonlinear coupled
oscillator theory is developed which accounts for both the am-
plitude and phase behavior of an array of distributed coupled
active antenna oscillators. In its canonical form the theory can
be used to describe the behavior of any number of spatially
displaced coupled elements placed in a chain. These elements can
have unequal spacing and they can have arbitrary free-running
oscillation frequencies. Unequal free-running amplitudes are also
permitted. Experimental validation of the theory is presented for
some basic cases in terms of frequency and amplitude variation
under mutual injection locked conditions. In its particular form
the theory developed is suited for use with recently reported
active antenna imaging methods.

I. INTRODUCTION

T IS known that mutual coupling between active antennas
can cause injection locking [1], [2] to occur. A lumped
element circuit based analysis for the synchronization of the
phases of several coupled oscillators was given by Stephan [3].
Modal stability was discussed for lumped element coupling
by Endo and Mori [4] and for distributed coupling by Nogi et
al.[5], and Lin and Itoh [6] while York and Compton have
described the phase dynamics of active antenna oscillator
circuits with delayed coupling [7]. Arrays of coupled active
patch oscillator circuits offer potential for beam scanning
applications which do not require phase shifters [8]. Other
applications include spatial power combining circuits [9], [10].
Normally the theoretical treatment of these systems concen-
trates on phase variation effects only. In the work presented
here both amplitude and phase variation are permitted.
‘Several methods for modeling the behavior of a single active
antenna element exist. The first method relies on a detailed
time domain based simulation of the physical active antenna
circuit. In this approach a time domain circuit simulator is
used to accurately mimic the electrical characteristics of a
given active antenna circuit. A small number of coupled
active antenna oscillators have been simulated by this method
[10]. For the work presented here, the active antenna circuit
used utilizes an NEC71084 MESFET device as the active
element and is designed in accordance with the details given
in [11]. Microwave Spice is used as the nonlinear time-
domain simulator with the active antenna described using the
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transmission line model given in [12]. For array studies a
simpler model customized to the performance characteristics
of the full model is more attractive primarily due to the
complexity and computational requirements of a multiple
oscillator circuit scenario required by the full time-domain
modeling strategy. In the work reported here a simple circuit
model for the active antenna model is selected. The model
can be described by a modified Van der Pol equation [13]. The
form of this model is chosen by investigation of the behavioral
characteristic of the full time-domain simulation of a single
element. The Van der Pol model has appropriate dynamical
behavior to allow it to behave with the same amplitude and
frequency characteristics as the more complex time-domain
model from which it is derived. The justification for the
selection of the particular form of the Van der Pol model used
is given.

II. ACTIVE ANTENNA ELEMENT

Fig. 1 illustrates the series feedback oscillator configuration
of the active element used in this work. For a nominal
operating voltage for the circuit of three volts with a drain
current of 35 mA, the radiation patterns obtained for the
patch exhibit good symmetry and are compatible in form
with those obtained from a radiating-edge fed single passive
patch radiator operated in Tp; mode [14], Fig. 2. A worst case
cross polarization level was calculated to be —10 dB, with a
measured value of —8 dB. This level of cross polarization
is commensurate with the reduction (when compared with
radiating edge fed patch variants) in cross polarization nor-
mally experienced in nonradiating edge fed passive rectangular
microstrip patch antennas [15]. The free-running frequency of
the element was 10.67 GHz and its EIRP was 12 dBm. For
the active antenna element, both output power and operating
frequency are a function of the dc bias voltage applied to the
element. The oscillation frequency of the module changed by
30 MHz over the voltage range 2-3 V. Over this voltage range
the output power varied monotonically by —3 dB relative to
the nominal reference level 12.0 dBm @ 3 V dc bias.

III. ACTIVE ANTENNA MACRO MODEL

The microstrip patch antenna transmission line circuit model
[12] used in the full time domain circuit simulator described in
{11] was replaced by a variable amplitude sinusoidal voltage
source, v(t) = v, placed at the device planc AA’ in Fig. 1.
At the free-running frequency of the oscillator the input
admittance characteristic of the active antenna simulated at
this drive port (considered in this work to be the device plane)
was found. Fig. 3 shows the functional nonlinear IV form
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Fig. 1. Active antenna electrical circuit schematic.
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Fig. 2. Far-field H-plane polar pattern for single active antenna module.
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Fig. 3. Simulated nonlinear IV relationship at the device plane at AA’ of
Fig. 1.

obtained. This relationship was modeled using the classical
cubic relationship for nonlinear conductance required for the
formation of a sinusoidal oscillator limit cycle [13]

i = —av + bvd. 4))
The derivative of this expression gives the nonlinear con-
ductance for the active antenna element

G(v) = g—:} = —a+ 3bv2.

@

Using the full time domain simulation, it was found that at
the active antenna free-running frequency, the input reactance
of the microstrip patch antenna was inductive. Under the
same operating conditions the reactance looking toward the
oscillator element at the reference port was found to be
capacitive. Over the range of voltage to be fitted by (2) this
capacitance was found to be insensitive to voltage drive level.
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Fig. 4. Single active antenna macro model topology.

From the above information the simple autonomous oscillator
circuit topology in Fig. 4 was defined. For the rest of the work
presented here the topology in Fig. 4 is used as the macro
active antenna model for each element in the chain array.

The simulation approach adopted here justifies the simple
model normally assumed arbitrarily in coupled oscillator stud-
ies. In addition it yields the numerical circuit values needed
to customize the model to the active circuit. On applying
Kirchoff’s current law to Fig. 4 under free-running conditions,
(3) is obtained

o(t) — e[l — Bo(t)?jwi(t) + w?v(t) =0 (3)

where

" IC

This equation has the form of a modified version of the
classical Van der Pol equation [13].

On application of the averaging method [16] a first order
analytical solution for (3) can be obtained.

With initial conditions v = A, © = 0 at ¢ = 0 the solution
given in (4) results

v(t) = A coswt+3 6—84 sin wt 4)

where all second order terms have been assumed to be zero.

It should be noted that to achieve a nontrivial solution to (3)
the free-running amplitude of the active antenna must equal
A = /4/8. Also since ¢ is small, 0.025 in this case, the
active antenna oscillator exhibits very low harmonic content.
This implies that a measurement of the free-running amplitude
of the active antenna can be used to find 3 directly. In this way
the need for the full nonlinear computer modeling approach
used above to ascertain the correct functional form for the
macro circuit can be circumvented.

Examination of the quality factor ) for the circuit in Fig. 4
reveals that

g=v_1 )
a 12
A direct measurement of the active antenna oscillator ¢ factor
will yield ¢ without recourse to simulation, ¢ was found
by measurement to be 0.027 by injection locking [17] and
calculated to be 0.025.
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Fig. 5. Imaged active antenna array topology.

1V. IMAGE COUPLED ACTIVE ANTENNA ARRAY

Stephan and Young [18], and York and Compton [1] suggest
a method whereby an active antenna element was imaged onto
a vertical ground plane. This enabled the complex coupling
coefficient that exists between an active element and its image
to be found. The method proceeds by monitoring the frequency
of oscillation of the active antenna as a vertical ground plane is
moved relative to the active element under test. The resulting
shift in frequency induced by load pulling was then used to
determine the coupling coefficient.

In this paper, unlike previous analyses—phase and ampli-
tude behavior are considered in a coupled manner. For an
imaged active antenna, Fig. 5, the amplitude and free-running
frequencies of both the antenna and its image will be identical
as will the Van der Pol amplitude factor 8 and dissipation
factor e for each oscillator, actual and image. The image will
be either in-phase or in anti-phase depending on whether E or
H plane coupling is used [1]. The coupling A = pe’® between
the active antenna and its image is assumed to be complex and
reciprocal. It is noted that the coupling analyzed in this paper is
such that the output of one oscillator directly effects the output
of the next oscillator, first and second derivative coupling have
been neglected, thereby modeling the single stable limit cycle
condition observed experimentally in this paper. Under these
constraints (3) can be recast for the active antenna voltage v
and the image voltage vs as

7 — e[l — By + dv2)P91w + w?(vy + Avg) =0
oy — 6[1 - ,3(1)2 -+ )\vl)]21')2w + w2(1)2 + /\’Ul) =0 (6)

with the assumed solutions

v; = A; cos (wpt)

vy = Ag cos (wrt + a).

Here A; is the steady state peak amplitude of the active
antenna and is a function of separation distance x. Ay is the
image amplitude and is equal to A;. The entrained radian
frequency of the array which is assumed to be in-lock due
to mutual injection locking between oscillator and image is
wr,. In the imaged case, the phase shift, cv, between the active
antenna and its image must be either 0° or 180° in order for
a nontrivial solution of (6) to occur. Here for the purpose
of illustration, H-plane coupling is used making o = 180°,
[1]. The simultaneous in (6) are solved by the analytical
harmonic balance approach [16], [19]. Due to the Q-factor
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Fig. 6. (a) Frequency deviation about free-running frequency for a imaged
active antenna. (b) Amplitude variation for an imaged active antenna.

of the active antenna element, single frequency operation is
assumed, and we thus consider only fundamental frequency
terms. This procedure after cosine and sine terms are equated,
results in (7)

1 1
[—+p2(1—5c0s2®>—pcos®] —gpsin@
e

o |

Wy =

2

and
2

w? =kw (% sin 2 — p sin <I>) +w?(l=pcos® (D

where k = (AzaﬂwL/Z) and Al = A2 = A.

These two equations in two unknowns A and wjy can be
directly solved for a known antenna element separation. In
the free-running oscillator case, i.e., when A = 0(p = 0) (7)
suggests A2 = 4/ which is the same result as that obtained
from the first order analytical solution for the free-running
oscillator, (4). In addition when A = 0 the entrained frequency,
wr, becomes the free-running frequency, w, as expected.

Experimental and theoretical results are presented in
Fig. 6(a) for the frequency deviation of the system relative
to the free-running frequency of an individual element as a
function of element separation for the image configuration
shown in Fig. 5. Here the empirical amplitude coupling
coefficient C = (2wxzp/X), [1], is obtained as 0.01209 by
numerically fitting (7) at a single arbitrarily selected separation
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Fig. 7. Chain array topology.

distance of (z/A\) = 5.55. In Fig. 6(b) theoretical amplitude
variation is shown for the imaged antenna and is compared
with the amplitude variation measured at the patch. Here
power readings were made through a bias tee connected to
the element’s dc port. These values were then normalized to
the peak-peak theoretical amplitude prediction.

V. CHAIN ARRAY

The basic equation used for individual oscillator cells (de-
layed coupled active antenna modules in this case) is of the
Van der Pol type as given in (3). This equation can be written
in canonical form as

Uy~ En[l - 671(1)” 4 Ap—1Vp—1 + )"nvn—i—l)Q]T}nwn
+ w;zz('u’n + Ap_1Un_1 + )"n'Un-f—l)
+ forcing fn = 0. (8)

Where for generality, ¢, and (3, are different for each of the
active antenna oscillator modules in the chain array defined
in Fig. 7. In this way, unequal active antenna oscillating
characteristics and element spacings can be accommodated.

For array behavior to be investigated, the forcing function is
assumed to be zero. Again a solution is expected of the form
vy = Ap cos(wrt + ay).

In (8) the constant A,_; is defined as the coupling coeffi-
cient between the current and previous oscillator and A,, is the
coupling coefficient between the current and next oscillator.
In general, these can be unequal for nonuniformly spaced
elements. Only nearest neighbor coupling is accounted for
since these are the strongest couplings and will tend fo
dominate system behavior.

As before a phase lag, ®,4, is introduced into the coupling
mechanism due to the spacial separation of the elements in
the array, so that

Ajk = pyk exp (JO,5). ©

In most arrays reciprocity will hold so that the coupling will
be equal in both directions [1]
A jk = Ak G- (10)

Introducing a phase lag, ®, into the terms A,,_jv,—; and
AnUn+1 these become

(11
(12)

)\n—lv'n——l = pn—lAn—l Cco8 (WLt + anp-1+ (Dn—l)

AnUnsl = PnAny1 cos(wrt + anyr + ©5).
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Here wy, is the entrained frequency of the system and «y,
is the phase of the nth oscillator in the system. It is noted
that for identical element separations both the magnitude and
the phase of the coupling coefficient, A, (9), will change
depending on whether the situation being considered is for two
identical oscillators or for a single oscillator and its image.
The differential equation describing the general behavior of
the chain array, (8), with the substitutions defined by (11) and
(12) was solved by application of the method of analytical
harmonic balance, [16], Appendix.

1) Solution 1—Two-element array: Consider an array of
two oscillator elements. Here the entrainment condition can
be assumed to be of the form

vy = Ay cos (wrt) (13)
vy = As cos (wrt + as). (14
The phase difference between oscillators, ag(a; = 0), is

measured relative to the first oscillator. Coefficients A; and
As represent the steady state amplitudes of the entrained active
elements for a given element separation. From (Al) and (A2),
(15) and (16) for the first element and (17) and (18) for the
second element result

_ afwiwrp®Ai 43
2

1 1
. {—5 sin 2@ cos 2ag — 5 cos 2®4 sin 20/2]

&

2
_Ale

5151w1wLPA%A2
2
+ w%Al + w%pAg CcoS (042 + @1) =0
e1frwiwr A} eifiwiwrp®A; A3
4 2
1 1 . .
. [1 ~3 cos 2®; cos 2a9 + 3 sin 2®4 sin 2@2:|

sin (s + P1)
(135)

81W1A1(UL -

e1f1wiwrpATAs
2
— w%pAz sin (Oéz + ‘I)l) =0

2 .
—Agwi cos ag + €awa Aswy, 8in g

cos (az + ®1)
(16)

3 2 2
£28swowr, A3 £9Bswowp p® Ag AT
————sinap 5

. 1, 1 .
sin oo — 5 sin 2®; cos as + 3 cos 2P, sin s

. AZA
_ M;’()—Ql sin (202 — ®1)

+ w2 As cos as 4+ wipAy cos &y =0 (17)
Agw% Sin a9 + eowo Aowy, €OS (g

3 2 2
EgﬁQWQMLAQ z«:gﬁgwngp A2A1
— ———— COS (g —

4 2

1 1 . .
Ccos Qg — 5 cos 2¥q cos as — 5 sin 2P sin aqg

AZA
_ EZ,BQWZU;LP it U (2a2 _ ‘I>1)

— ngg sin ay — w%pAl sin ®; = 0. (18)

For identical matched active elements the uncoupled ampli-
tudes and frequencies are equal, hence 4 = Ay = A, &1 =
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Fig. 8. Amplitude response for four coupled active antenna elements (90°
phase progression).

gg = g, and B1 = By = B and (15)—(18) reduce to two
equations when the condition oy = 0° or as = 180° is
imposed. The resulting equations can then be solved directly
for A and wg, the remaining unknowns. This is in agreement
with the observations given in [20]. For the case of oy set
equal to 180° (7) results.

For two elements mutually coupled together in an array, a
mode change is observed as separation distance is increased
[18]. The preferred stable mode is that which results in the
least dissipated power [21]. This can be accounted for by
performing a simulation run on both of the allowable mode
cases (g = 0° or 180°) and selecting the preferred mode
when the peak amplitude of one mode falls below the value it
has when operated in the other permitted mode.

VI. SIMULATION RESULTS

In this section, results based on (A1) and (A2) are presented
to illustrate the interesting amplitude and phase phenomena
which can occur within a chain array. Due to equipment
limitations only simulated results are presented.

The case examined is for four coupled elements, with a
progressive phase offset between each element of 90° which
is enforced by removing the phase angles, s, a3, and oy
as optimization variables in (A1) and (A2) (Fig. 8). Here ele-
ments one and four track in anti-phase while elements two and
three remain invariant with separation distance. Interestingly
in this case no frequency variation with separation distance is
observed in the simulation (Fig. 9).

In a practical situation knowledge of the behavior of the
array with element separation allows optimal spacing informa-
tion to be assembled with respect to element power generation
and operating frequency sensitivity. This information can then
be employed as additional constraining factors in the design
of active antenna arrays over and above those normally used
in classical passive array design techniques.

VII. CONCLUSION

This paper has illustrated that coupled Van der Pol equations
can be derived and analytically solved to determine multiple
active antenna amplitude and frequency behavior factors.
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These equations can be modified to allow for device coupling
between a single active antenna and an imaging plate. From
the resulting equations the array coupling coefficients can be
obtained from a single observation of imaged array operating
frequency. When this array coupling factor is fed back to the
model the amplitude and entrained frequency response of the
actual system can be obtained.

The method can be extended to allow a canonical solution
for N-coupled nonidentical unequally spaced elements, and
from this the special two element and imaged array cases can
be derived.

For the two element array case amplitude and frequency
predictions were made. The amplitude and frequency behavior
of a system of four active antenna oscillators were simulated
and the effects of amplitude and phase tracking discussed.
Internal compensation phenomena were observed when more
than two elements were used, which can result in zero fre-
quency fluctuation with element separation.

APPENDIX
N ELEMENT ARRAY
Using (8)—(12) it is possible to find two algebraic rela-
tionships in cos wrt and sin wpt for the nth oscillator. An
approximate solution of the form given by equation below is
assumed

U = Ap{wrt + ay).

On following the method of solution adopted previously and
by substituting the above equation into (8) we get the two
algebraic relationships

—Anw% COS iy, + Epwndnwr sin oy,

En/@nwnwLsz—lAnAgl— 1
2

3
Enfnwnwr AL |
- R 6in

4

Qo —
. 1,
. [sm op — 3 sin 2®,,_1 cos (2ap-1 — an)

— 5 ©08 2&,, 1 sin (20,1 — ay)

En ﬁnwnwL pngnA?z-}—l
2

1
. {Sin an =g sin 2®,, cos (2041 — @)
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1
-3 cos 29, sin (2on11 — an)}

2
. 5nﬂnwnwL pn—lAnAn— 1

2
- [sin (2an — @n—1 — Pn—1)]
2A
_ 8"'6"w”wL2p"A“ ntl [sin (20, — @pt1 — Pn)]

- 2,0'n.pn—lgnﬁnwnwLAnAn—lAn-l-l

. {_W [Sin (Oén._l + @1 +onp + (@")]

sin o,

4
+ 2 cos(an—1 + Prn-1) cos (41 + @n)]}

[COS (an—l + q)n—l — Gn41 — (I)n)

+ w2 A, cos a, + w2 pp_1An,_1 cos(ap_1+ ®p_1)

+ w2 ppAniy cos (a1 +®,) =0 (Al)
and
Anw% sin oy, + e,wp Anwr, COS ay,
B snﬁanwLAi cos enﬁnwnwijl_lAnA?L_l

1
. [cos On — 5 €08 28,1 cos (20,1 — )

1
+ 3 sin 2®,,_1 sin (20,1 — an)}

EnﬁnwnwLp%AnA%+l
2

1
. [cos an — 5 cos 20, cos (2a,4+1 — an)

1
+ 3 sin 2®,, sin (2an1 — an)]

2
_ 2f’:n/gnwnwLpn——1*‘1711477,—1

2
- Jecos (20, — 1 — ®p_1)]
EnﬂnwnwLpnA%An—l—l

- 5 [cos (20, — apy1 — Bp)]
- 2pnPn—lanﬂnwnwLAnAn—lAn—i—l

sin ay, . .
. {_ 4 [Sll’l (an—l + én—l + U1 + ’“I)n)]

cOos

4
+ 2 sin (ap—1 + $p—_1) sin (ant1 + @n)]}

[COS (an—l + d)n—l = Qp41 — (I)n)

2 : .
—wi A, sin o, — w%pn_lAn_l sin (a1 + @, 1)

—wlpnApyy sin(angg + ®,) = 0. (A2)

These can be solved for A,, and «, by numerical opti-
mization for any integer number of active antenna elements.
Mathcad [22] was used to help handle expansion of the
identities involved in formulation of (A1) and (A2).
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